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Abstract. The two-dimensional t—J7 model at low electron densities is unstable against various
forms of electron pairing at low enough temperatures. At parameter values J/r & 1, the
leading instability, although only at very low temperature, is to p-wave pairing similar to the
Hubbard model. At values of J/¢ > 1, an instability against d-wave pairing sets in at a higher
temperature as found numerically by Dagotto and co-workers. In addition, at values of J/r > 2,
which are beyond the threshold for a bound state in the low-electron-density limit, a region of
predominantly s-wave pairing is found.

1. Introduction

The ¢~J model was derived many years ago by Bulaevskii and co-workers [1] to describe
the strong-coupling limit of the single-band Hubbard model. The study of this model
has become very active in recent years due to Anderson’s proposal [2] that it was the
appropriate model to describe the doped Cu(Q, planes that are the key ingredients of the
high-T; cuprates. Later Zhang and Rice [3] elucidated the relationship of the r—J model
to a multiband Hubbard description with Cu 3d,2_,» and O 2p, orbitals. The careful
numerical investigation of Hybertsen and co-workers [4] established the parameter values
in the mapping of the muitiband Hubbard model for the CuQ, planes into an one-band t—J
model, namely J ~ 0.3¢. In the single-band Hubbard model the mapping to a t~J model
is valid only in the strong-coupling limit which leads to values J <« ¢. In a more general
madel other values of J /¢ can occur. A lot of work has been done to clarify analytically the
relationship between the /—J and multiband Hubbards, see e.g. [5] and references therein.
In this paper we will treat the ratio J/t simply as a parameter to be varied arbitrarily.

The leading pairing instability of the two-dimensional Hubbard model at strong coupling
and low electron density was found by Baranov, Kagan and Chubukov [6,7] to be to a p-
wave triplet pairing. Note this instability arises only when higher-order terms are included
in the two-particle T-matrix, and occurs only at very low temperatures. In view of the close
relationship between the Hubbard and #~J models we expect a similar instability in the
latter model when J <€ ¢. Recently, Dagotto and co-workers {8] found by numerical means
pairing instabilities as precursors to phase separation. The onset in the numerical studies
was at J = 2t which, as reported by Emery, Kivelson and Lin [9, 10], is the threshold for a
singlet bound state of two electrons in an empty lattice. In the low-density region, electron
density n < 0.25, Dagofto and co-workers [8] found the leading pairing instability when
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J > 2t is to singlet s-wave pairing but at a higher density (n» > 0.25) there was a crossover
t0 d;2..,2 pairing as the leading instability.

In this paper we will extend the earlier work of Baranov, Kagan and Chubukov [6,7]
on pairing instabilities in the low-density Hubbard model to the case of the ~J model. We
are particularly interested in understanding, from an analytic viewpoint, the factors which
determine the competition between these three different pairing symmetries, namely triplet
p-wave at J <« ¢ and singlet s and dya_ e pairings when J 2 1. A study of the T-matrix in
the various symmetry channels shows how the pairing instabilities evolve with changing n
and J/¢. We find good agreement between our analytic approximations and the numerical
calculations of the boundary between s and d,»_,» pairing with increasing density n at
J = 2t. It is interesting to note that if we arbitrarily extend these low-electron-density
calculations to the relevant parameter regime for the cuprates (J/¢ ~ %, n = 0.85), we find
a high-temperature instability to d,2_,» pairing.

The outline of this paper is as follows. In the next section we examine the form of the
T-matrix for particle—particle scattering in the low-density limit and obtain the thresholds
for a two-particle bound state in both the s- and d-wave singlet channels. In the third section
we use these forms of the T-matrix to estimate the mean field transition temperature for
pairing instabilities in these channels and also in the p-wave triplet channel. We compare
our results with the previous work on the Hubbard mode! and the numerical calculations
for the —J model. The last section is devoted to concluding remarks.

2. The T-matrix in the particle-particle channel at low electron density

It is convenient to write the +~J model without the local constraint in the following form:
=—1 Z Cw Cier + JZ Sj - i‘nfnj) + UZn.-fnu (1)
e &) i

where cZ‘, creates an electron of spin ¢ on site i, n; = cf;cw and S§; = %cf; (Pantin

are the electron density and spin operators, Ty, = (T"u -75,) are Pauli matrices and (i}
denotes nearest-neighbour sites,

The Hubbard term mimics the constraint on double occupancy in (1). By setting U =0
we recover the standard -J model for n — 1:

H=-t Zcmqg -+ TZ(S, -Sj - ;}n,-n_;)

e i

with &y = ¢io{1 —ni_,) and F=7+ 421U (= J for U — o0). In 2 momentum space
representation on the square lattice we obtain from (1)

Jig)
H= ngcpacpﬂ + Z ) ("'aﬁ"'r# - adﬂa?#)ckmckgyckz-Q#ckl-I-q,B
kikageByu

tU Z Cii 4Gy Cla—g 4 St @
kikzg
where g, = —2r{cos p, + cos py), J(g) = J{cosg, + cosq,). The lattice constant is set
equal to one. The total interactions in the singlet (V;) and triplet (V;) channels for an
electron pair (p, —p) to be scattered to (p’, —p") are given by

{ Vilg) =U —2J(q)

3
Vilg) =0 @
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where g = p— p’ is the transferred momentum. For the pairing problem it is convenient
to expand J(g) in (3) in a series with the eigenfunctions of the irreducible representations
of the lattice symmetry group D,. This yields

cosgx +cosgy = cos(px — p}) + cos(py — p) = 3[{(cos py + cos py)(cos p}, +cos p)
+ (cos p; — cos py){cos p}, —cos p} )] +sin p, sin p}, +sinpysinp),. (@)

The first term in square brackets comesponds to the A, identical representation (s-wave
pairing), the second term to the B, representation (d,2_, pairing) and the last two terms
to the two-dimensional representation £ (p-wave pairing). Note that for the singlet channel
only the first two terms, which are in the square brackets, are relevant.

Substituting the formula (4) into (3} we obtain

[ V(s-wave channel) = U — J(cos px + cos py)(cos p -+ cos p}) )

V(ds2-y2 channel) = —J(cos p; — cos py)(cos p, — cos p.,).
We are now ready to solve the T-matrix problem in both s-wave and d-wave channels. Let

us consider first the s-wave channel. The Bethe—Salpeter integral equation for Ty (E) has
the following form:

dp; dpy
Tow (E) = Vpp‘-l_[[ e E + 4t{cos p? -I—cosp) Trv(B) ©

where
Vop = U — J(cos px + €08 py)(cos py +cos p,) = U — Jgppy

and @, = cos p,+cos py. Here (p, —p) and (p’, —p") are incoming and outgoing momenta
in the particle-particle channel. We will use the following ansatz for Tpp:

Tow(E) = Ti(E)+ T(E)pp + ¢p) + Ti(E)eppy.

Then due to the orthogonality properties of functions ¢, it is possible to reduce the integral
equations (6} to the system of three algebraic equations for 77, T, T3

D=~JNl— JTaly M

|T1 U+ UNLI,+UnLIL
=—-J—Jhl,—JhLi,

where

I =f dps dp, ! -2 (_?.{
0 o (21 E+4t(cosp,+cospy) =nE EJ

K is the complete elliptic integral of the first order. The other integrals are

; =[2"dpxdpy CO$ Py - COS Py _1_E \
p (2m)2 E+44t(cosp, +cospy) 44t 4
fom [Tl _lowptenp? E(1_E)_Ly
o {(2m)? E +4t(cos p; + cos py) dr\dr 44 4¢
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Solving (7) we arrive at results

I U+ J 1)
POVl + L)+ UJIZ
~UJI
I =
(1-Ul)(1+ JI,)+UJI2
®
7= J(1 - Uk)

(I —Ul)(1 + T L) + UJIZ

By analogy with the definition of the scattering length in quantum mechanics (2 =

lim0 fop» f is the scattering amplitude), it is natural to define the T-matrix for two
p'\p=
particles as a zero-momentum Limit of T,,(E). In the s-wave channel we obtain the result

I(E) = p,l.i;_l’o Tpp (E) = T(E) + AT2(E} + 4T5(E)

which using (8) takes the form

UL+ J1,) —4UTI, ~ 4J(1 = Uly)

TA(E) = 9
(£) (A —Ul)1+ JI,)y+ UJI? ©)
For I/ — oo the expression (9) can be simplified to yield
1+ 7L, —4J1 +4
T.(E) = + 447 Iy (10)

Taking into account the relations between Iy on the one hand and Iy, I, on the other, we
can rewrite (10) in the form

1— (J/(E/16t + 1)+ (E*/1662 + E/t +4) Iy
(1 + JENGD I+ T /1612 '

T(E) =

Introducing the binding energy, E = E + 8t < 0, we obtain for small values of |§|
1 64t

fo=——In ==
°= "% " 1E|

As a resuit, neglecting terms of Lhe order of £ In E which vanish as E — 0, we come o
the following expression for T5(E):

(1—J/20)
[(1 — J/20)/8xt) In 64¢ /(| E]) + J /162

_ W(l — J/21)
T Q/m)( = J/26) In8W/\E| + J /2t

TE]) =

(11
where W = 8t is the bandwidth.
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For J « Jo(= 2t) the T-matrix T,((E[) = zW/In8W/|E|) is positive which
corresponds to repulsion and coincides with the T-matrix obtained by Fukuyama et af [11]
for the 2D Hubbard model at low electron density.

For J = J, T(|E]) = 0 and there is no interaction at all. However, for J > Je,
T.(|E]) < 0 and this corresponds to attraction. Moreover, there exists now a bound state
of two electrons [9, 10] on the empty lattice with the binding energy

\Eb} =8W exp{-——(j-:r-ij—‘]c;) }

Note that |E| tends to zero exponentially when J approaches J. Finally for J » J.o we
obtain |E,| = 8Wexp{—n} ~ W.

For the sake of completeness let us solve the T-matrix problem also in the d-wave
channel. The corresponding Bethe—Salpeter equation has the following form:

Top(E) = Tapppp = —Jppy — I La@ppp I {12)

where Vy,p,r = —J(cos py —cos py)(cos p}, —cos p;)(= —Jgpep). The integral Iy is defined
as

2 ooy 2
\ = f dp;dpy P
o (2m)? E +dt(cospy +cosp))
The solution of the equation (12) reads:

J
1+ 7

Ty =
and the calculation of ; yields
—-E 8 E 8t E 8t
T (HE Sartz) ( E) e ( E)
where K (—8t/E) and £ (—8t /E) are complete elliptic integrals of the first and second kind

(see [12]). Introducing again the binding energy E(_—_ E +8t) we obtain for small values
of |E| (or, E - —8¢)

8r 1 64
K(-S) =2 In =
(E) 2 " E

8t lEi 64t
e -2 =1 4+ Bl 2y,
(E) Hlﬁr(]" ¥ 1)

Then neglecting terms of the order of E2 we obtain the limiting value
1 (4 |E| ( z)
=== {—=1)+—{1—=—].
T (zr ) T A

~J
1= (J/20)@d/m — 1) + (JIE|/1662)(1 = 2/m)

As a result

Ty(1E]) = (13)
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It follows that only for J > Jy = 2t/(4/m — 1) =2 6¢ does a bound state with d-wave
symmetry exist for two particles on the empty lattice. The binding energy of this state is
given by

T=Jg) W2 J—Jy

Byl = ~
|Esl 7 Ja(t=2/m) J

Note that the threshold Jeq for a d-wave bound state is much larger than the threshold Jeo
for an s-wave bound state. Also |Ep| tends to zero linearly and not exponentially when J
approaches Jeq. For J 3> Jo, the binding energy saturates and | Ep |- W.

3. The Cooper pairing problem

We proceed now from the two-particle problem to the problem of Cooper pairing of two
particles in the presence of a filled Fermi sea. We know that in two dimensions it is
obligatory for an s-wave Cooper pair to be accompanied by a bound s-wave state of two
particles in the empty lattice [13-15]. It follows that J = J.o(= 2t) serves as a threshold
for s-wave Cooper pairing. At the same time, to form p-wave and d-wave Cooper pairs,
the existence of the corresponding bound state is not obligatory.

It foilows that p-wave Cooper pairs can exist for arbitrary small values of J. Also
d-wave Cooper pairs can be realized below the threshold for the bound state, ie. for
J < Juaz 68).

A knowledge of the T-matrices for s-wave and d-wave bound states (E < () allows us
to obtain in straightforward manner the expressions for mean field superconducting critical
temperatures. The only modifications we must introduce in the expressions (11, 13) for
T,(|ED) and T4(|E]) are the following. We must replace £ < 0 by £ = 2ep(= pt/m > 0)
(er is the Fermi energy) and we must add imaginary parts to the denominators of (11) and
(13) which are absent in the bound-state problem. To be more specific, for E<0

Imiy=ImIl; =0

butf0r§=23;= >0
Imlo=f dp;dpy5[E+4t(cospx+c05p,) 82‘] z:ﬂ #Z0 m=1/2t
0
dpx dP)’ = E? 1
Imiy= A‘ - 222 (cos p; — cos py) 8[E + 4t(cos p; + cos py} — 8t] = o
{2\ 1
- w -ch'

As a result, we obtain the following forms for the T-matrices in the positive energy sector:

~ 8t
L(E = 22¢) = IN@W/Er) + 7d(Jpg = )L + i ”

~JJ,

To(E =2¢5) = :

d—-J+2€pJ/W+1J(2EF/W)2 ’
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The gas parameter for the s-wave channel is given by

_ mT{E =2e) 1 1)
- 4 T In@W/eR) —rd(J —Jp)l+im

fo

Note that for E > 0 there is no pole in the expression for T.(E) and T3(E). For er = %|Ebl
we are in a resonant situation. It follows that

T.(255 = | Ey|) = —8it Ty(2er = | Epl) = i W?/4e}

and the T-matrices reach the unitary limit.
Let us proceed now to the calculation of critical temperatures. For J <« Jq, the gas

parameter fy = (ln(4W/sF))_] > 0 and s-wave Cooper pairing is absent. However, even
for these values of J, p-wave pairing and d,, pairing are possible [6,7]. To obtain dyy
pairing it is necessary to calculate the irreducible bare vertex for Cooper channel Iy up to
the second order in fo. For low density (pr < 1) this yields an attraction the in Bz (d,,)
channel (see [6] for more details).

4
o o P . . . .
Ip, =g, = —f2 ﬁ (sin p; sin p, }{(sin p;, sin p;,)
The mean field critical temperature for d., pairing reads

320 }
ekl

T ~ g exp[— a6

To obtain p-wave pairing it is necessary to take into account third-order diagrams for I'py.
This yields an attraction in the E (p-wave) channel (see [7] for more details)

T = Fp wave = — 4.1 3 sin p, sin p/,.

The mean field critical temperature for p-wave pairing is given by
TP ~ gpex {——1—} amn
« TEEPITIIRS

For low density T'g > T'p, because f3/72 pt = fo/pt ~ 1/pt n(1/pg) > 1. That is why
for J & Jgandn — 0 TP > T and the p-wave pairing will be stabilized.

To have the full picture for J < Jo we mast also calculate the critical temperature for
d,2..,2 pairing. The corresponding Bethe-Salpeter equation for the total vertex I'y in the
Cooper channel has the following form for this d-wave pairing:

I'g=-J

JTy fﬂn (cos p, — cos py)dp, dp, h (— 2t (cos px +cos py) — ;.L) (18)
(2m)2 f o —4t(cos px +cos py) — 21 2T
where T is the temperature and @ = —4¢ 4 &g,

After the standard renormalization procedure which cormresponds to the addition and
subtraction from (16} of the integral

JTy fz" (cos px — cos py)?
(2m)? J o —4t(cos pr +cos py) + 8¢

dpxdp,
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we obtain for small density
—-J

=17 4 x=y
- /ch—JpF(EEZJU) In{eg/ T )

and accerdingly

Tcl'l"y: ~ Epexp{_

(Joa — 327t } - SFexp[—32m } (19)

Ipd Jeg Tapt

Introducing electron density r = p,%/?.zr {n is measured in units of a half-filled band, ie.
n is the electron density/site) we can rewrite the formulae (17) and (19) for the mean field
transition temperatures for dy:_,2- and p-wave pairing in the following forms:

In £F _ 8t Ty JJg
77 nTan? T Ta—17

3
" (sp) 1 (1 (16)+ I ) L
7" a1 Jo—1J 41/

A comparison of the critical temperatures yields

(20)

forn =02 Tf > Tc":"’2 for J < ¢t
for n =05 77 > T8 for J < 0.6¢.

It follows that the region of the J-# phase diagram (n < 0.5, J < Jg), which in numerical
calculations of Dagotto and co-workers [8] is called a paramagnetic phase, in reality has
p-wave superconducting pairing for smaller values of J and d,2_,» pairing for larger J.

Let us proceed now to the case of J > Jyq. In this case an s-wave pairing takes place
below the critical temperature (see [13-15]).

1

T3 ~ crex {-——} 21
A B Y

fo={In(@Wsee) — Im/(J = J.0) + in’}_l; | fol denotes the absolute magnitude of fo.

Everywhere, except for a narrow region close to the resonance (g — |§b|/2 =
4Wexp{—Jmw/(J — J)}), we can rewrite (21) in the form

~ J2erl Byl = ‘/55*’ exef 57255 ) 22)

Formula (22) describes both the case of weakly bound Cooper pairs for &r > |Ep| and
tightly bound dimers or ‘bipolarons’ [16,17] for gp <€ |Ey{. The chemical potential of
the system, found by Miyake [13] from the self-consistent approach of Leggett [18], reads
¢ = ep — | Ep|/2 and describes for y > 0 (ap >3 1Eb[) the superconducting Fermi gas and
for £ <0 (ap & lEbl) the Bose liquid of bipolarons. The energy of the system also
smoothly interpolates between these two limits

2
il BN NG ¥5 (VZEF'E"‘) 1Bl B - Ey

~ — ~ — ~ 23
N 4ep 4ep dep pa N 23
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where A is a superconductive gap, N is a total pumber of particles and Ey = (gg/2)N is
an energy of a normal state, -

Formula (23) means that for e < |Ey| the energy of a superconducting state E
becomes negative and we pass from the gas phase to the liquid phase. Increasing J or
|Ey| for a fixed value of g5 (i.e., for fixed density) we finally will be in a siteation where
the dimers will condense in droplets, forming 2 non-homogeneous state. The numerical
caleulations of Dagotto and co-workers give the value Jpg = 3.8¢ (n — 0) for the phase-
separation instability. Note that analytical calculations of the phase-separation threshold
require at least the evaluation of a four-particle vertex (describing the interaction between
two dimers) and is rather cumbersome.

Let us now compare the temperatures of s-wave and d-wave pairing in the regionn < 0.5

and Joo < J < Jpg. Comparison of formulae (19) and (22} for T.;"z_”2 and T} yields

for J=25t TF Y >T  forn> 029

for J = 3¢ ch‘i"’2 >T; for n > 0.30

and for J close to phase separation ’I’c"z_"2 > T7 aiso for n > 0.3.

] |
v
Ng \ A (b}
{a} \ AN
\
035
[~
N de2_y2
Phose 025 Sr Phase
Separation N Separation
[p-wavé
! - 0 b oA b Tl E
0 | 2 3 4 7t I 2 3 4 I7t

Figure 1. The phase diagram of the two-dimensional 1—/ model showing the regions of stability
of s-wave, p-wave and d,2_,2 pairing as functions of the electron density (i) and the ratio
(/1) obtained in (a) the numerical calculations by Dagotto and co-workers [8] and (b) this
work using an analytic low-density expansion.

It follows that, in agreement with numerical calculations of Dagotto and co-workers [8],
when J > Jo an s-wave pairing is stabilized for smaller densities while for larger densities
d-wave pairing is more stable. Summing up the comparison between s-wave and d-wave
temperatures on one hand and between d-wave and p-wave temperatures on the other hand
we conclude that for n > 0.3 and for J > 1, d-wave pairing is stabilized. Moreover when
we increase the density it is stabilized even for smaller values of J. For instance d-wave
pairing is stable for n = 0.5, J = 0.6t. It follows that the increase of electron density
favours a d-wave pairing. In figure 1, we show the phase diagram obtained by numerical
and analytic methods. If we make a rough extrapolation to the region of parameters relevant
for high-T; materials, i.e. J ~ it, n ~ 0.85, we obtain from (19)

T7 Y (n = 0.85; J/t = 1) ~ epexp{—T7} ~ 5 x 107> ~ 10 K for &r ~ 10* K.
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4. Conclusions

In conclusion, we would like to repeat that as expected, the two-dimensional 7~J model at
low electron density is equivalent for J < ¢ to the two-dimensional Hubbard model with
respect to superconductive pairing, It follows that for J <« ¢ the t—J model is unstable
towards p-wave superconductive pairing. For J > ¢ the leading instability at low density
in the ¢—J model is towards s-wave or d,z_,» pairing. Moreover, we find good agreement
between analytic and numerical calculations for the location of s- and d-wave pairing regions,
and the phase boundary between them in the J—»n phase diagram.
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